Partitions of [n] = {1, 2, . . . , n} into sets of lists (A000262) are somewhat less numerous than partitions of [n] into lists of sets (A000670). Here we observe that the former are actually equinumerous with partitions of [n] into lists of noncrossing sets and give a bijective proof. We show that partitions of [n] into sets of noncrossing lists are counted by A088368 and generalize this result to introduce a transform on integer sequences that we dub the "noncrossing partition" transform. We also derive recurrence relations to count partitions of [n] into lists of noncrossing lists.
Introduction
A partition of [n] = {1, 2, . . . , n} is a collection of nonempty disjoint sets, called blocks, whose union is [n] . The notion of partition can be generalized by taking into account the order of the elements within each block or the order of the blocks themselves or both. To distinguish cases we use the terms list and set with their usual connotations of ordered and unordered respectively. Thus there are four cases: sets of sets (ordinary set partitions), sets of lists, lists of sets, and lists of lists. For unrestricted partitions the four counting sequences are respectively the Bell numbers, A000262, A000670, and A002866.
A partition is noncrossing if there do not exist four distinct elements a < b < c < d with a, c both in one block and b, d both in another. It is well known that noncrossing partitions of [n] (sets of noncrossing sets) are counted by the Catalan number C n (A000108).
In §2 we show that partitions of [n] into lists of noncrossing sets are equinumerous with partitions of [n] into arbitrary sets of lists. In §3 we show that the "set of noncrossing lists" case has a generating function A(x) = 1 + x + 3x 2 + 13x 3 + 69x 4 + · · · that satisfies
k and hence is given by A088368, and we deduce a moderately efficient recurrence relation. In §4 we define the noncrossing partition transform on integer sequences and give some examples. In §5 we adapt the method of §3 to obtain an analogous recurrence for the "list of noncrossing lists" case. , the so-called Lah number L(n, k) (A105278).
Lists Of Noncrossing Sets ←→ Sets Of Lists
To count the lists of noncrossing sets, first recall the well known bijection (essentially due to Prodinger [1] ) from Dyck n-paths to noncrossing partitions of [n] illustrated below. (A001263) is known to count Dyck n-paths with k peaks, and so the number of peak-labeled Dyck n-paths with n + 1 − k peaks is (n + 1 − k)!N(n, k), which simplifies to the Lah number L(n, k) mentioned above.
Summing over k in the two preceding paragraphs yields the equivalence of the section title. However, we wish to show this equivalence directly by giving a bijection from peak- and all that remains is to fill in the blanks. This is done by arranging the missing numbers in the order of their associated labels as in the table following the last arrow above-thus 2,6,8 in the order 2,3,1 is 6,8,2-and then inserting them left to right in the blank squares.
The final result is 1 3 6 8 4 5 2 7 9
giving the lists in increasing order of their first entries. We leave the interested reader to verify that the mapping is invertible; an appeal to the cycle lemma (see e.g., [2, pp. 359-360])
will be needed to determine the appropriate cyclic rotation.
Sets Of Noncrossing Lists
Sequence A088368 is defined by the generating function equation
We will show that this sequence counts partitions of [n] into sets of noncrossing lists. Let U(n) denote this set of partitions and U(n, k) the subset for which n occurs in a list of length
For a partition in U(n, k) the entries in the list containing n split [n] into a sequence of subintervals I 1 , I 2 , . . . , I k of lengths, say, 
Clearly, b i ≥ 0 and
where the sum is taken over all nonnegative k-tuples (b 1 , b 2 , . . . , b k ) whose sum is n − k (weak compositions of n − k into k parts), and the k! factor serves to order the block containing n. Let U(x) = n≥0 u(n)x n with u(0) := 1. Then the right hand side in
Multiply by x n and sum over n and k to get
The recurrence (1) is not efficient: there are
nonnegative k-tuples whose sum is n − k. Thus to compute u(n) using (1) involves a sum over 
Furthermore, all such weak partitions (regardless of k) arise by subtracting 1 from each part of a partition of n. These observations translate into a faster recurrence for u(n):
u(0) = 1, and for n ≥ 1
where the sum is over all partitions 1
4 The "Noncrossing Partition" Transform 
little Schröder # little Schröder # "blobs" 
Lists Of Noncrossing Lists
It is possible to use the decomposition of the block containing n as in the Section 3 to obtain recurrence relations for the number of partitions of [n] into lists of noncrossing lists. (We continue to use the descriptive term "block" but now it means a list rather than a set.) Here, however, the factor u(i) in the product on the right side of (2) will count lists of blocks, and so it will be necessary to remove the order on each such list of blocks, throw the block containing n into the mix, and then re-order the whole lot. This requires keeping track of the number of blocks. So let u(n, j) denote the number of partitions of [n] into a list of j noncrossing lists.
In a partition Π of [n] into lists of noncrossing lists, let k denote the length of the block containing n. As in §3, this block induces a decomposition of [n] into intervals Then, with the sum taken over these configurations,
[ permute the lengths
[ the denominators eliminate the inter-block
Equivalently, 
